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Abstract

A linear stability analysis is applied to investigate the onset of bioconvection in a horizontal layer of fluid containing a suspension of motile
microorganisms with heating or cooling from below. With cooling from below the stabilizing effect of the thermal stratification is opposed to the
destabilizing effect resulting from the congregation of the microorganisms, and oscillatory convection is possible in certain circumstances. The
stability criterion is found in terms of a thermal Rayleigh number, a bioconvection Rayleigh number, a bioconvection Péclet number, a gyrotactic
number, and a measure of the cell eccentricity, together with (in the case of oscillatory convection) a Prandtl number and a Lewis number.
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1. Introduction

The term bioconvection refers to macroscopic convection
induced in water by the collective motion of a large number
of self-propelled motile microorganisms that leads to an un-
stable density stratification [1-7]. With possible application to
the dynamics of thermophilic organisms in mind, Kuznetsov
[8] presented a linear stability analysis of a suspension of gy-
rotactic microorganisms in an isothermal fluid layer of finite
depth heated from below. In this set of circumstances the ther-
mal stratification and the stratification due to the swimming of
the organisms are both destabilizing, and when instability re-
sults it is of the non-oscillatory kind. The purpose of the present
paper is to complement the above paper by a study of the case
where the layer is cooled from below, so that the thermal stratifi-
cation is stabilizing and hence opposes the bioconvection effect.
In such circumstances overstability (the onset of instability of
an oscillatory kind) is possible.
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2. Problem formulation and analysis
2.1. Governing equations

The present analysis is a modified version of that presented
in Hill et al. [9]. It is assumed that heating from below is suf-
ficiently weak, so it does not kill microorganisms and does not
affect their gyrotactic behavior. Inertia terms in the Navier—
Stokes equations are neglected for a linear stability analysis
at the onset of bioconvection [1,2]. The model presented here
is based on a continuum model of a suspension of gyrotactic
microorganisms developed in Pedley et al. [1]. This model is
supplemented by an energy equation and a buoyancy term in the
momentum equation that results from the temperature variation
across the layer. The geometry shown in Fig. 1 is considered.
The Boussinesq approximation is utilized. Under these assump-
tions, the governing equations can be presented as:

ov 5
Pwo = —Vp+uVv
+g[nbAp — puB(T —To)] Q)
V-v=0 )
aT 5
CpPw E+V~VT =kV°T 3)
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Nomenclature
a semi-major axis of the spheroidal cell t time
b semi-minor axis of the spheroidal cell T temperature
B gyrotactic orientation parameter, | ;t/(2hpog) To temperature at the upper surface
Cp specific heat of water u,v,w velocity components
D diffusivity of microorganisms w vertical velocity amplitude in the normal mode
g gravity vector expansion given by Eq. (29)
G gyrotaxis number, BD/H? v fluid convection velocity vector
{_I layer dep.th i W, average swimming velocity of microorganisms
J flux of mlcroorg?qlsms x,y,z Cartesian coordinates (z is the vertical coordinate)
k thermal conductivity of water
Le Lewis number, k/(Dcpy) Greek symbols
n numl?er density of motile microorganisms . ' @ measure of the cell eccentricity, (a® — b%)/(a®+b?)
N amplitude of number density of microorganisms in lume expansion coefficient of water at constant
the normal mode expansion given by Eq. (29) p vo P
p excess pressure (above hydrostatic) pressure
p unit vector indicating the direction of swimming of Ap density difference, eell = Pw
. . 0 average volume of a microorganism
microorganisms . .
Pr Prandtl number, zc,/k O temperjalture'amphtude in the normal mode
0 bioconvection Péclet number, W, H/D expansion given by Eq. (29)
R traditional Rayleigh number, n dynamic viscosity of the suspension
(gﬂATH3,03)Cp)/(Mk) Pw density of water
S bioconvection Rayleigh number, o dimensionless amplification factor
(QApgvOH?)/(uD) 2 measure of density of microorganisms, Ap/ oy
T=T, . . . . .
the vertical coordinate); 8 is the volume expansion coefficient
‘ of water at constant pressure; Ap = pcell — Py 1S the density dif-
g g 2 ference; 6 is the average volume of a microorganism; u is the
H £ Suspension of motile gyrotactic micmorganiéms 2 dynamic ViSCOSity of the suspension, assumed to be approxi-
3 2 mately the same as that of water; and p,, is the density of water.
- 2.2. Boundary conditions
T=Ty+AT
A schematic diagram illustrating the problem is displayed
Fig. 1. Schematic sketch for the problem. in Fig. 1. A horizontal fluid layer of depth H is considered.
an Cartesian axes with the z-axis vertical are utilized, so that the
— =—div(j) 4 layer is confined between z =0 and z = H. It is assumed that
ot the layer is unbounded in the x and y directions.
where At the bottom of the layer (assumed to be rigid) the follow-
j=nv+nW.p— DVn (5) ing conditions are satisfied:

is the flux of microorganisms due to macroscopic convection
of the fluid, self-propelled swimming of microorganisms, and
diffusion of microorganisms (as in [1], it is assumed that all
random motions of microorganisms can be approximated by a
diffusive process), respectively; ¢, is the specific heat of water;
D is the diffusivity of microorganisms; g is the gravity vector;
k is the thermal conductivity of water; n the number density of
motile microorganisms; p is the excess pressure (above hydro-
static); p is the unit vector indicating the direction of swimming
of microorganisms; ¢ is the time; 7 is the temperature; u, v, and
w are the x, y, and z-velocity components, respectively; v is the
fluid convection velocity vector, (u, v, w); W,.p is the vector of
average swimming velocity relative to the fluid (W, is assumed
to be constant); x, y, and z are the Cartesian coordinates (z is

Atz=0: u=v=w=0, T=Ty+AT, j-k=0 (6)

where K is the vertically-upward unit vector.

The upper surface of the layer is assumed rigid as well be-
cause, according to Hill et al. [9], even if it is open to the air,
microorganisms tend to collect at the surface forming what ap-
pears to be a packed layer, and it is unlikely that the upper
boundary is ever fully stress free. Under this assumption, the
boundary conditions at the upper surface of the layer are:

Atz=H: u=v=w=0,T=Ty, j-k=0 (7)
2.3. Basic state

The equation of continuity admits a steady-state solution
where the fluid is motionless and nj, the number density of the
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microorganisms in the basic state, pp, the pressure in the basic
state, and T}, the temperature in the basic state, are functions of
z only.

In this case Eqgs. (4) and (5) reduce to

0
npWe = D2 ®)
0z
The solution of this equation is
Wz
= 9
np(2) veXp( D ) €))

The integration constant v, which represents the value of the
basic number density at the bottom of the layer, is related to the
average concentration 7 by

) (10)

H
fz:H/nb(z)dz—E/ (
0

and so is given by

nQ

exp(Q) — 1 (o
where the bioconvection Péclet number Q is defined by
0= W.H (12)
D

From Egs. (3), (6), (7), the temperature distribution in the
basic state is:

z
T, =T AT |1 — — 13
b»=To+ ( H) (13)

Finally, from Eq. (1) the pressure distribution in the basic
state is found from integrating the following equation:

ap Wz z
— = —vOApgexp| — | + pugBAT|1 — = (14)
9z H

Assuming that p = pg at z = H, the pressure distribution in

the basic state is
Wez
D

1 2 2
—z—ﬁ(H —z)> (15)

D

Pb = po+vOApg— [eXp(Q) - eXp<
We

- pwgﬁAT(

2.4. Linear stability analysis

The perturbations are introduced as follows:

[n,v,p,T,pl
=[16(2). 0, pp(2). T (2), K]
+e[n(tx, 3, 2), Vi (t.x, y.2), (. x, . 2),
T*(t,x,y,2), p*(t,x,,2)] (16)
where a star denotes a perturbation quantity, and ¢ is the small
perturbation amplitude. Substituting Eq. (16) into Egs. (1)—(5)

and linearizing results in the following equations for perturba-
tions:

au*
pu— = ==VD"+ UV + g0 Ap = pu fT"] a7
V.vi=0 (18)
oT* AT
—— —w*— | =kV?T* 19
Cpr( 91 w* H ) (19)
ai’l* . * Ak * N *
= div[no(v* + Wep*) + n* Wk — DVn*] (20)
The elimination of u*, v*, and p* from Egs. (17)—(18) re-
sults in:

3 (%w*  Fwr  Pw*
,0w5< dx?2 + 0y2 + 972 )
3%n*  3%n* 3°T*
=—9Apg<m+ 3 2>+pwgﬂ< +
tw*  tw*  dtw*
+M< dx* + ay4 + az* +2
*w* 9% w*
0x29z72 3y2822>
Since it is assumed that temperature variation within the
fluid layer does not influence gyrotactic behavior of microor-

ganisms, according to Pedley et al. [2], for gyrotactic microor-
ganisms,

92T
3y? )
tw*

0x29y2

+2

2y

P =B, —£,0) (22)

where

£=( —ao)au;* (e @3)
1=~ 4 (1t ag) o (24)

ap = ;’2—;2’2 (25)
= 2";;(‘; (26)

where a and b are the semi-major and semi-minor axes of the
spheroidal cell, so «q is a measure of the cell eccentricity; B
is the “gyrotactic orientation parameter” which was introduced
by Pedley and Kessler [10] and which has dimensions of time;
o is a dimensionless constant relating viscous torque to the
relative angular velocity of the cell; and /4 is the displacement
of the center of mass of the cell from the center of buoyancy.
Thus Eq. (20) can be rewritten as follows:

on* _ 0N on*
ar 3z <3z
- WCBnb(a—n — §> + DVZn* (27)
dx  ady
Accounting for Egs. (23) and (24), Eq. (27) can be recast as:
an* L 0N an*

=-w We—
ot 0z 0z

+ W.Bny ((1 - 0!0)(

Zw*  Pw*
0x2 + 8y2>

92w*
+ (1 + o) 5.2

> + DVZn* (28)
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A normal mode expansion is introduced in the following
form:

[w*, n*, T*]1 = [W(2), N(2), © ()] f (x, y) exp(at) (29)
The function f(x, y) satisfies the following equation:

3*f  0*f )

T 30

a2 T 2y2 m=f (30)

where m the is the horizontal wavenumber (used as a separation
constant).

Substituting Eq. (29) into Egs. (19), (21), (28), and account-
ing for Eq. (30), the following equations for the amplitudes W,
®, and N, are obtained:

—6 ApgmzN — (um4 + pwamz) w

+,owgﬂm2(~)+(2,um2+pwU)W"—,uWN:O (31)
—cpATpu W + H[(km* + ¢, py0)© —kO"] =0 (32)
D(Dm*+0)N + D(W.N'— DN")

- exp(%)ch[—(l + BDm*(1 — ag)) W

+BD(1+ag)W"] =0 (33)
Introducing the following dimensionless variables,
__z - VOW.H?
7= —, a=mH, W= ;
H D?
_ _ H?
N=No, H=po, s=Lvl, (34)
“w
Egs. (31)—(33) can be recast as:
25 4 2.0\ Sa’ - 2 S iV
—Sa N—(a +a s)W—i—?@—}—(Za +s)W —-W' =0
(35)
2R - .
- +(a*+Pro)®—-6"=0 (36)
(a2 +PrLes)N + (QN'— N")
—exp(0D)[—(1 + G — ap)a®) W
+G+agW']=0 37)

ATH3p2c, . . .
w is the traditional Rayleigh number as-

3
sociated with natural convection, S = —QA'(Z%QH

where R =

is the biocon-

vection Rayleigh number, §2 = % is the measure of density of
w

BD : __ HCp
77 1s the gyrotaxis number, Pr = ==

is the Prandtl number, and Le = _k_
Dceppy

(In [8] R is denoted by Ra and S is denoted by Rb, that is by
ORD.)

Since both lower and upper boundaries of the layer are as-
sumed rigid, Egs. (35)-(37) must be solved subject to the fol-
lowing boundary conditions:

microorganisms, G =
is the Lewis number.

dw - _ dN

Atz=0: W=0, — =0, ®=0, QN =— (38)
dz dz
dw - _ dN

Atz=H: W=0, —=0, ©=0, QN= — (39

dz dz

At the onset of convection s = iw, where the frequency w is
real.

For the solution of this system, a simple Galerkin method
is employed. Suitable trial functions (satisfying the boundary
conditions) are:

Wi=z2-223+7* (40)
O=7-7° 41)
Ni=2-001-27) - 0*(z-7) 42)

The utilization of a standard Galerkin procedure [11] results
in the following equation for the stability boundary.

4 a2 a
57105 T 630 a2 26(L _ 02
+io(ds + aTzo) :40? a*5(15 ~ 1)
~1i0s 3+ 55+ 0 =0
Q' (@ +iPrLew)
—8F(Q, G,ap) 0 3 0 o
x (4= 5+ 5p)
(43)
where
F(Q,G,a0) =e2207(fi + f2) (44)
where in turn
fi=0[66+ 0 — G{a®(66 + Q) (~1 + )
+240%(1 + ag) }] cosh(Q/2) (45)

fr=[-132-130% + G{a*(132 + 130%)(—1 + ag)
+40%*(12+ 0%) (1 + ap)} ] sinh(Q/2) (46)

It is noteworthy that the density ratio 2 cancels out when the
determinant in Eq. (43) is expanded.
Eq. (43) can be written in the form

(1 +if1w)R + (xa +ifrw)S
= (a3 + if3w) (a4 + ifgw)(as + ifsw) A7)
where
o =27a*[100* +a* (120 — 100° + 0%)]
Bi =27 PrLea*(120 — 1002 + 0%
> = 100804 (10 +a?)(3Q* — 28) F(Q, G, ap)
B> = 10080 Pra*(3Q* — 28) F(Q, G, o)
o3 = 28(504 + 24a” + a*)
B3 =28(12 +a?)
oy =10+ a’
Ba=Pr
as =100* +a?(120 — 100* + 0%
Bs = PrLe(120 — 100° + Q%)
For monotonic convection (w = 0), Eq. (47) reduces to
a1 R+ arS = azagas (48)

For oscillatory convection (w # 0), the real and imaginary
parts of Eq. (47) yield
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2 o305 — a1 R —apS
“ T @3PaPs + aaPss + asPapa
o453 + asa3fa +azasBs — BIR — BoS
B B3B4PBs

The second equality in Eq. (49) gives the oscillatory instability
boundary as

(a3B1BaPs + caPr1B3Bs + asP1B3Ba — a1 f3BaPs) R
+ (a3B2faPs + aafoB3fs + asP2B3fa — a2B3P4aPs)S
= (a5 83 + azasfa + azaa Bs) (3 fafs + aaB3Bs
+ a5B3B4) — azaaas B3 faps (50)

It is clear that in order to have a real nonzero value of w, R and S
must be of opposite sign. Since S has to be positive on physical
grounds, that means that R has to be negative for oscillatory
convection to be possible.

Some simplification can be made by introducing the notation

(49)

(i = 1927 3a41 5)
So = azasas/on (51

pi=i/Bi
Ry = aza4as/ay,
and using the identities p4 = p> and p5 = p1.

The monotonic stability boundary is then
RS (52)
Ro  So

the oscillatory stability boundary is

ol o)l sG]
o | P — T — < | P2\ — T —
Ro P2 p3 So Pl P3
1 1 1
=@+ +p)| —+—+—)-1 (33)
P P2 3
and the frequency w of oscillations is given by
Wl = 1—R/Ro—S/So
P23 + P301 + P1P2
_ p1+p2+p3—p1R/Ro— p2S/So

(54)
P1P2P3
In the limiting case where Q tends to zero one has
pP1=p5= Prie
10+ a?
P2 = P4 = Pr
504 + 24a® + a*
_ 55
P3 ntd (55)
28(504 + 24a” + a*)(10 4 a?
Ro— (504 +24a“ 4+ a*)(10 4 a”) (56)
27a?
10(504 + 2442 + a*)
0= (57)

T+ Ga?(1 — ap)]
As the wavenumber a varies, the minimum value of Ry as
given by Eq. (56) is 1750, a value about 2.5% higher than the
well-known precise value 1707.762 given in [12]. This is an in-
dication of the accuracy expected from the one-term Galerkin
approximation. The minimum value is attained when a = 3.12.

Similarly, for the case when G is zero, the minimum value of
So as given by Eq. (57) is 720, a known exact result for a crit-
ical Rayleigh number (see, for example, the appendix to [13]).
The minimum value is attained when a = 0.

3. Results and discussion

There are a large number of dimensionless parameters in-
volved. Besides the Rayleigh numbers R and S, the wavenum-
ber a and the frequency w, we have the parameters Q, G, «o,
Pr, and Le. We present the results of calculations for the typi-
cal values ag = 0.2, Pr="7 and Le = 1/3. A typical situation
is illustrated in Fig. 2, for the case G = 1, Q = 1. Oscillatory

300
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“ 5o
100
50
0
10000 -8000 _ -6000 _ -4000 _ -2000 0 2000
R
(b)
~
$
-H000 8000 6000 4000 2000 0 2000
R
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;
6
Sl
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3
2
1
0
-10000  -8000 6000 -4000 __ -2000 0 2000
R

Fig. 2. Plots of (a) critical bioconvection Rayleigh number § versus thermal
Rayleigh number R, for the monotonic stability (MS) and oscillatory stability
(OS) modes of convection, (b) critical wavenumber a versus R, (c) oscillation
frequency w versus R, for the case G =1, Q = 1, where G is a gyrotactic
number and Q is a Péclet number.
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Fig. 3. As for Fig. 2, but with G = 10 instead of G = 1.

convection is possible only for values of R that are sufficiently
large and negative. Since negative values of S have no physi-
cal significance, the critical values of S are presented only for
positive values of S. The interpretation is that for R greater
than a certain value (about 2000 in the present case) convec-
tion occurs no matter how small the value of S is. As R takes
increasing negative values the stage is reached where the os-
cillatory mode comes into existence, and as R becomes more
negative the frequency of oscillation increases monotonically
from a zero value. Then, a value of R is reached at which the
critical value for the oscillatory mode becomes less than the
critical value for the monotonic mode. This means that as S
increases the onset of convection will then appear as oscilla-
tory motion. At the cross-over point in Fig. 2(a) there will be
a jump in the observed wavenumber (see Fig. 2(b)) and the os-
cillatory convection will appear at a nonzero frequency. Thus
the situation for biothermal convection is dramatically differ-

(a) 2500

2000

5 1500
%)

1000

500

0
-10000  -8000  -6000  -4000  -2000 0 2000
R

aCI‘

3
-10000  -8000  -6000  -4000  -2000 0 2000
R

(C) 10

nn

Q0

-10000  -8000  -6000  -4000  -2000 0 2000
R

Fig. 4. As for Fig. 2, but with G = 0.1 instead of G = 1.

ent from that for double diffusive convection (see, for exam-
ple, [14, Section 9.1.1]). In the latter situation the oscillatory
instability boundary bifurcates smoothly from the monotonic
stability boundary and there is no jump in either wavenum-
ber or frequency. It is obvious from Fig. 2(b) that the critical
wavenumber is less (and so convection cells are wider) for the
oscillatory mode in comparison with the monotonic mode at the
same negative value of R, though still larger (narrower cells) in
comparison with the value 3 (cell width approximately equal to
layer thickness) that pertains when S has a small value. In in-
terpreting Fig. 2(c) one should bear in mind that the frequency
has been scaled in terms of the inverse of a time scale p H2/u,
that is in terms of a viscous diffusive time scale.

To see the effect of varying the gyrotactic number G we can
compare Fig. 2 (for G = 1) with Fig. 3 (for G = 10) and Fig. 4
(for G =0.1). The gyrotaxis number, G, characterizes the de-
viation of the cell swimming direction from strictly vertical.
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Fig. 5. As for Fig. 2, but with Q = 0.1 instead of 0 = 1.

If G =0, there is no gyrotaxis and the microorganisms swim
vertically upwards (exhibit negative geotaxis). Childress et al.
[15] established that an infinite uniform suspension of nega-
tively geotactic microorganisms (G = 0) is stable in the absence
of cell concentration stratification. Pedley et al. [1] have shown
that under the same conditions a suspension of gyrotactic mi-
croorganisms (G > 0) is unstable. Hence, gyrotaxis helps the
development of convection instability.

The most dramatic change in Figs. 3 and 4 is in the scale
on the S-axis. The critical bioconvection Rayleigh number de-
creases rapidly as G increases, approximately as 1/G. Other-
wise, there is very little change in going from G =1 to G = 10,
and only slightly more change in going from G =1to G =0.1
(except for the appearance of an inflexion point in the curve for
the critical wavenumber for the monotonic stability mode).

In considering the effect of varying the Péclet number Q, we
found ourselves limited by the failure of our computer code to

800
(a)
600
500 G =0.00001
PN
s 400

G=10
z
»9000 -1500 -1000 -500 0 500 1000 1500 2000
R
45
(b)
40

G =0.00001

MS
Aer

9 00 -1500 -1000 -500 0 500 1000
R

1500 2000

Fig. 6. Plots of (a) critical bioconvection Rayleigh number, (b) critical
wavenumber, for monotonic stability, for the case Q = 0 and for various values
of G.

run for values of Q significantly greater than unity. This was
not unexpected, because the eigenvalue equation involves ex-
ponential/hyperbolic functions of Q, and for large values of O
the basic number density profile is highly nonlinear, and so the
whole basis of our approximate analysis could be expected to
break down when Q becomes large. However, we can observe
the effect of a reduction in the value of Q from 1 to 0.1 by com-
paring Fig. 5 with Fig. 2. Again there is little change, except
for a modest increase in the values of the critical bioconvec-
tion Rayleigh number. When we further reduced Q to the value
0.01 we found numerical inaccuracy due to round-off error in
computing the quotient of two small quantities. Since we had
an asymptotic solution available for Q tending to zero, we did
not persist with the difficult calculations.

For the limiting case Q = 0, Egs. (56) and (57) apply. For
this case we found no oscillatory convection, and we hypoth-
esize that none is possible, though we were unable to obtain
a formal proof of this. Our results for the onset of monotonic
convection are presented in Fig. 6. The rapid decrease of S, as
G increases observed here is consistent with the trend observed
previously for the case of Q = 1. There is a range of values of G
including the value 0.1 for which there is a kink in the stability
curve, and this is associated with a rapid increase in the criti-
cal wavenumber from zero to a nonzero value. When G =0, S
takes the value 720 and a takes the value zero, independent of
R, for all sufficiently small positive values and all negative val-
ues of R, and this occurs when the critical wavenumber is zero.
Similar behaviour was observed by one of the present authors,
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in connection with a double-diffusive instability problem, some
forty years ago [13].

4. Conclusions

We have applied a linear stability analysis to the problem
of the onset of bioconvection in a thermally stratified fluid.
The stability boundary depends on the values of the Lewis and
Prandt]l numbers, but these parameters were given fixed typical
values for the presentation here. For the case of nonzero Péclet
number, with bottom heating of the layer, oscillatory convection
can be the favored mode of instability. The change in favored
mode from monotonic to oscillatory is accompanied by a jump
to a smaller value of the wavenumber and a jump in frequency
from zero to a finite nonzero value. The critical bioconvection
Rayleigh number decreases rapidly as the gyrotactic number
increases, and it decreases less rapidly as the Péclet number in-
creases.
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